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Droplet Impaction on a Supersonic Wedge:
Consideration of Similitude

L. J. Forney*
Georgia Institute of Technology, Atlanta, Georgia

The theoretical collection efficiency has been determined for water droplets impinging on a two-dimensional
supersonic wedge with an attached shock. By defining a moving coordinate system such that the gas is stationary
behind the shock and scaling the droplet Stokes number with a shock-to-wedge distance, a similarity parameter has
been defined that properly accounts for the effects of freestream Mach number, wedge angle, and large-droplet
Reynolds number. The effective Stokes number, which represents the ratio of the droplet stopping distance in the
moving frame to the appropriate shock-to-wedge length, is shown to correlate both the total collection efficiency and

the local impingement rate.

Nomenclature
C = wedge length, cm
Cp = droplet drag coefficient
d, = droplet diameter, cm
E = total droplet collection efficiency
{ = shock-to-wedge length, cm
2 = shock-to-wedge length, cm
" = distance measured along shock wave, cm
£" = distance measured along shock wave, cm
M, = freestream gas Mach number
R = gas constant, cm?/s? — K
Re = local droplet Reynolds number, =p,Ud, /u,
Re, = initial droplet Reynolds number, =p,V,d, u,
Re, = freestream droplet Reynolds number,
=p1Vid, 1,
Re, = droplet Reynolds number, =p,V>d, /1,
s = distance along surface, cm
T = wedge thickness, cm, =27,
T(s) = local wedge thickness, cm, =2s(sing)
T, = freestream static temperature
T = wedge thickness, cm
T,,,(s) =local wedge thickness, cm
t = time, S
U = local droplet velocity, cm/s
U, = initial droplet velocity behind shock, cm/s
v, = freestream gas velocity, cm/s
V, = gas velocity behind shock
w = droplet mass incident on wedge, g/s
x = droplet displacement in moving frame, cm
Xy = maximum droplet displacement in moving
frame, cm
X, = reference length, cm
i) = local droplet impingement rate
y = ratio of specific heats
€ = empirical constant, =0.158
{ = initial droplet displacement from wedge

centerline, cm

n = distance along wedge surface, cm

n’ = distance traveled by moving frame, cm, =V,
0 = angle of shock wave

H = freestream viscosity of gas, g/cm-s
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I = gas viscosity behind shock, g/cm-s
v = angle between ¥, and U,

1 = freestream gas density, g/cc

P2 = gas density behind shock, g/cc

o = wedge semiapex angle

T = droplet relaxation time, s

¥ = modified Stokes number

v, = local modified Stokes number

¥, = Stokes number

Q = ratio of gas velocities, =V,/V,

w = freestream droplet mass per unit volume, g/cc

I. Introduction

URING supersonic flight, small differences in airfoil

profile due to ice accumulation will create large changes
in flying characteristics. The possibility of ice accumulation on
aircraft missiles traveling at supersonic speeds exists at flight
Mach numbers up to 1.4.! At large Mach numbers, aerody-
namic heating will prevent icing, but at low supersonic speeds
and ambient temperatures, icing will occur. Moreover, ice
may accumulate on exposed surfaces even if the stagnation
temperature of the ambient dry air is above freezing because
of depressed temperatures on wet surfaces due to latent
heat exchange.? Other interest in the trajectories of part-
icles and droplets near exposed surfaces in supersonic flight
may be associated with the potential for surface erosion and
ablation.?

Regardless of the flight speed, the potential for ice buildup
or surface erosion depends on knowledge of cloud droplet
trajectories and impingement rates from theoretical calcula-
tions or experiments. In the present paper, the analysis of
Serafini' has been extended for the case of droplet impinge-
ment on two-dimensional wedges with attached shocks, as
shown in Fig. 1. A simplified analysis is provided for the
derivation of analytical expressions for the equation of
droplet trajectories. More importantly, a droplet Stokes num-
ber or similarity parameter is defined that correlates all of
Serafini’s results for both the total rate and distribution of
droplet impingement. This scaling parameter will be useful in
attempts to correlate either theoretical or experimental data
for the impaction of droplets or particles on other airfoil
shapes.

Serafini, in his pioneering work, modified the droplet stop-
ping distance and thus the Stokes number to include the
effects of large-droplet Reynolds number. These results were
recently shown by Israel and Rosner*® to be useful in the
correlation of the collection efficiencies on spheres and cylin-
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Fig. 1 Attached shock on wedge of small angle.
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Fig. 2 Schematic of droplet trajectory.

ders in subsonic flows. Modifications to the droplet Stokes
number also have been useful to predict the capture efficien-
cies of aerosol particles in granular beds at low Reynolds
numbers.® Probstein and Fassio® demonstrated that the collec-
tion efficiency in the stagnation region of a cylinder or sphere
reduced to a single curve in hypersonic flow if the particle
Stokes number was rescaled with the shock detachment
distance.

II. Droplet Trajectory

Serafini considered wedge semiapex angles covering the
range 1.14-6.84 deg. For these wedge angles, the shock-wave-
attachment Mach number varies from a value slightly greater
than 1 to roughly 1.4. The shock wave angle 6 and the
semiapex angle ¢ =tan~'(T/2C), where T and C are the
wedge thickness and length, respectively, are indicated in the
schematic of Fig. 1.

For simplicity, as assumed in previous work, the water
drops are spherical, the flow behind the shock is a frictionless
perfect gas with constant heat capacity, and the effects of
droplet heat and mass transfer are negligible. Moreover, since
the air velocity behind the shock wave in Figs. 1 and 2 is
constant and parallel to the wedge surface, a frame of refer-
ence is adopted that moves at the constant air velocity ¥,
behind the shock.! Hence, relative to the moving frame, the
droplet is projected across the shock wave into quiescent air.

The trajectory of a single droplet approaching a wedge at a
distance { from the centerline is illustrated in Fig. 2. After the
droplet crosses the shock, it is deflected by the gas behind the
shock wave until it impacts on the wedge. In the moving
frame of reference, however, the droplet must travel a distance
x to the wedge surface perpendicular to the shock wave. The
distance x also represents the relative displacement of the
droplet to the gas behind the shock.

The point of impaction of the droplet at a distance s along
the wedge surface from the leading edge is therefore the
vectorial sum of the droplet displacement x within the moving
frame of reference and the displacement of the moving frame
(=V,1) over the same interval of time. Thus, one derives a
parametric equation for 1) the distance of the droplet from
the centerline {, and 2) the distance s along the wedge to the
point of impaction. The parametric equations are

{ = x sinf tan(v + o) (1)
s =x sec(v +0) + V,t (2)
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Fig. 3 Geometry of shock-to-wedge length /.

where v = /2 — 6 and the shock wave angle 6 is tabulated as
a function of 4.7

III. Equations of Motion

The equation of motion of a droplet projected into a region
of quiescent air is

du  3/p\(U?
)G <3>

where U is the particle velocity, p the gas density, and C,, the
drag coeflicient. In the moving frame of reference behind the
shock wave, the initial velocity of the droplet is

U2=|I71_ Vzl (4)

as indicated in Fig. 3, where U is normal to the shock wave
from consideration of momentum conservation across the
oblique shock.

In the present paper, the analysis of the displacement of the
water droplet x behind the shock wave in the moving frame of
reference is simplified by writing

dU _ (dU\(1
s~ 9

(v udu ]
¥ )., (dujds) (6)

or

Rewriting the droplet velocity U in Egs. (3) and (6) in terms
of a local Reynolds number Re = (d,Up,/u,) where p, and p,
are the gas density and viscosity behind the shock wave in
Fig. 2 and substituting, Eq. (6) becomes

4d,p, Jkeo dRe’
X == e —
3 p2 Jre (ReHCp(Re')

(N

where
2 UZ dp
H

Reo =

In Eq. (7), non-Stokesian drag on the droplet is assumed by
adopting a drag coefficient of the form!%?®

24
Cp =—(1+¢cRe??) (8
Re

where ¢ = 0.158. Thus, the expression for the droplet displace-
ment in the moving frame of reference becomes

1
x=x, [Reg/3 — Re' + (Ti/f) tan—1(Re ¢ 1/?)

— <#> tan‘l(Re(l)/3sl/2):| 9



652 L. J. FORNEY

where x, = (d, /6e)(p, /p;). In addition, the maximum droplet
displacement x,, = limg, _,, x becomes

1
X, =xp|:Re(1)/3—I—/Ztan_l(Re(l,“s”z)] (10)
3
A similar analysis relating the time for droplet displacement

to a local droplet Reynolds number is derived from

_[?_ 4
v, (dUdD)

(11

or integrating, one finds

Reg\*? (14 eRe??
t=1f — _—
i [( Re > 1+ eReZ" (12)
where © = (d2p, /12,).

IV. Total Collection Efficiency

The total droplet collection efficiency of the wedge repre-
sents the fraction of droplets that impact on the surface of
those that are geometrically incident. Thus, the total collec-
tion efficiency is defined as

E=2(,]T (13)

where (, is the initial displacement from the leading edge
(normal to the freestream) of the droplet trajectory that
impinges at the shoulder of the wedge.

It is possible to determine the collection efficiency E by
specifying the following variables: droplet diameter d,, density
p,» wedge velocity V, freestream gas density p,, static tem-
perature T, semiapex angle o, and wedge thickness 7. These
variables determine the freestream droplet Reynolds number
Re,=(p,V1d,[py) and gas Mach number M, =V, /yRT;.
From knowledge of the gas Mach number and freestream
droplet Reynolds number, one obtains the initial droplet
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Fig. 4 Total droplet collection efficiency vs Stokes number. Freestream
gas conditions p, = 0.82 x 10~ 3 g/cc and 7, =262 K.
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Fig. 5 Total droplet collection efficiency vs Stokes number indicating
effect of wedge semiapex angle.
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Reynolds number in the moving frame, since
2O
Re, [JYANCYANS

22 = (1 + Q2 — 2Q cosa) 12 (15)

where

Substituting Re, into Egs. (9) and (12) and noting that
s = (T/2) csca, one obtains {, from the parametric equations
(1) and (2).

Serafini correlated the total collection efficiency E with a
Stokes number ¥, defined by

Xm

Y, =2
Yo

(16)

where x,, is the droplet stopping distance defined by Eq. (10).
One correlation is shown in Fig. 4 for fixed Mach number
M, = 1.3 and wedge thickness ratio tans = 0.06. The droplet
diameters covered in Fig. 4 range from 2 to 100 g, and the
ambient conditions correspond to a supersonic wedge at an
altitude of 4.57 km. Thus, the freestream droplet Reynolds
number Re, in Fig. 4 varies from 42 to 2104.

The correlation of Fig. 4 demonstrates that the effects of
non-Stokesian drag on the droplet are properly accounted for
by the impaction or similarity parameter defined by Eq. (16).
The Stokes number defined by Eq. (16) was also recently used
to successfully correlate impaction data on cylinders and
spheres in subsonic streams under conditions of large particle
Reynolds numbers.*

Serafini also plotted values of the total collection efficiency
E vs Stokes number ¥, for conditions of varying wedge
thickness ratios covering values between 0.02 and 0.12, as
shown in Fig. 5, and for gas Mach numbers varying between
1.1 and 2.0, as indicated in Fig. 6. Clearly, the Stokes number
¥, does not properly account for the effects of the wedge
geometry or the freestream Mach number on the total collec-
tion efficiency.

V. Similitude

Historically, particle collection efficiencies on collectors of
various shapes (e.g., spheres, cylinders, or airfoils) in subsonic
flows (M, < 1) have been correlated with a Stokes number
defined as the ratio of the particle or droplet stopping distance
to a characteristic collector dimension." In the absence of a
collector dimension, e.g., particle capture at a stagnation
point, the characteristic dimension is replaced by the appro-
priate ratio of freestream velocity to local velocity gradient.*®
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Fig. 6 Total droplet collection efficiency vs Stokes number indicating
effect of freestream Mach number.
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Fig. 7 Total droplet collection efficiency vs modified Stokes number.
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Fig. 8 Local impingement efficiency vs distance along surface.

If the stream is supersonic, however, recent theoretical
calculations of the particle collection efficiency of a cylindrical
probe aligned parallel to the freestream suggest that the shock
detachment distance is the characteristic length with which to
scale the particle stopping distance.>® Referring to Fig. 3, the
shock-to-wedge length £ measured perpendicular to the shock
wave is the appropriate dimension in the present problem.
Clearly, if the droplet stopping distance x,, in the moving
frame of reference is much greater than £, the droplet collec-
tion efficiency on the supersonic wedge would approach one.

Thus, substituting the shock-to-wedge length ¢ for the
wedge length C in the definition of the droplet Stokes number,

one writes
C\ (¢’
¥ = — I = 1
w(Z)(%) ()

From the geometry of Fig. 3,

/ s / "

Lo 1

/ /III ( 8)

where
. T,
0 == 19
e /

tan(f — o} = 7 (20)

Hence, substituting Eqs.n.(19) and (20) into Eq. (18), one has
£’ ¢’ sinf

¢ T, tan(6 — o) 2D
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Fig. 9 Local impingement efficiency vs distance along surface.

Rewriting Eq. (17), one therefore obtains a modified similar-
ity parameter or Stokes number of the form

X, sinf
Y=({2)]—— 22
(T)tan((?—o) (22
The collection efficiency data presented in Figs. 46 was
replotted as a function of the modified Stokes number ¥, and
the results are shown in Fig. 7. Clearly, the similarity parame-
ter ¥ defined by Eq. (22) properly accounts for the wedge

geometry and the effects of gas compressibility on the total
droplet collection efficiency.

VI. Local Impingement Rate

The local rate of impingement of droplets on the wedge or
airfoil surface is important in terms of the potential for icing.
An analytical expression of the local rate of impingement can
be obtained from expressions for { and s. The normalized rate
of accumulation of droplets per unit area of surface is defined
by the expression!

_dl _d{/dRe
" ds  ds/dRe

B (23)
Differentiating Egs. (1) and (2), one obtains

da sind tan(v + o) (24)

d7/dRe
SeC(V + G') + V2 m

or

__sinf tan(y + o) (25)

Vs
sec —=
(v+o)+ U
It should be noted that the limiting value of § at the leading
edge of the wedge where U = U, is obtained from the vecto-
rial geometry of ¥V, V,, and U, such that

lim § = sino (26)

5s—=0

The preceding expressions for § and s can be solved para-
metrically in terms of droplet Reynolds number Re, where
V,/U = Re,/Re in Eq. (25). These solutions provide contours
of local impingement rate § vs distance s along the wedge
surface.! Serafini explored the effects of freestream gas Mach
number M, droplet diameter d,, and wedge thickness ratio
on the local impingement rate f (see Figs. 8-10).

It is now instructive to derive an expression for the local
impingement rate B by considering the total collection
efficiency on a wedge surface of length s. The total mass of
water in the freestream incident on a wedge surface of length
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Fig. 10 Local impingement efficiency vs distance along surface.
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Fig. 11 Local impingement efficiency vs local modified Stokes number.

s as shown in Fig. 2 is
W = oV,(sing)s 27

where o is the mass per unit volume of water droplets in the
freestream. Therefore, the total mass of water impinging on
the wedge surface of length s is WE('Y,), where E(W,) is the
total collection efficiency and ¥, is a local value of the
modified Stokes number defined by Eq. (22), or

X, sinf
Y= (m) tan(d — o) (28)
and T(s) = 2s(sing).

The normalized local impingement rate f is now defined as

1 \d
B= (57) 3 WECY,)] (29)

Writing the derivative of Eq. (29) in the form

d daw dE \ [d¥,
3 VE(E,)] = E(E> + W< d\ﬂ) < < ) (30)

and substituting Eqs. (29) and (28), one obtains

B =sing [E(‘PS) —¥, (%ﬁﬂ (31)
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Thus, the local impingement rate becomes

P ey (32)

sing

The local impingement rate data of Figs. (8-10) were
plotted in the form of Eq. (32), and these results are shown in
Fig. 11. It is apparent, as in the case of Fig. 7, that a local
value of the modified Stokes parameter ¥, properly accounts
for the effects of wedge thickness ratio and gas compressibility
on the local droplet impingement rate.

VII. Summary

Universal curves representing the total collection efficiency
and the local impingement rate, respectively, have been pre-
dicted for droplets impinging on a two-dimensional super-
sonic wedge with an attached shock. To accomplish this, a
modified droplet Stokes number has been defined that repre-
sents the ratio of the droplet stopping distance to the appro-
priate shock-to-wedge length. This similarity parameter is
shown to account properly for the effects of freestream Mach
number, wedge angle, and large-droplet Reynolds number. It
is expected that a similar approach would be useful in the
correlation of droplet impaction data of either experimental
or numerical results for other geometries such as cones or flat
plates.
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